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Abstract
We describe an explicit generalized Lucasian test to determine the primality
of numbers h ⋅ 2n ± 1 when h ≢ 0 (mod 17). This test is by means of fixed seeds
which depend only on h. In particular when h = 16m − 1 with m odd, our paper
gives a primality test with some fixed seeds depending only on h. Comparing the
results of W. Bosma(1993) and P. Berrizbeitia and T. G. Berry(2004), our result
adds new values of h along with this line. Octic and bioctic reciprocity are used to
deduce our result.
1 Introduction
In this paper we consider primality tests for integers M of the form h ⋅ 2n ± 1 with h
odd. Primality tests for numbers of such form have been noticed since Lucas [6] and
Lehmer [5] gave the celebrated Lucas-Lehmer primality test for Mersenne numbers,
using properties of the Lucas sequences. Here, we recall this famous primality test:
Lucas-Lehmer test. Let Mp = 2
p − 1 be Mersenne number, where p is an odd
prime. Define a sequence {uk} as follows: u0 = 4 and uk = u2k−1 − 2 for k > 1. Then Mp
is a prime if and only if up−2 ≡ 0 (mod Mp).
We call a sequence {uk ∣ k > 0} is a Lucasian sequence if the recurrence relation
is uk = u
2
k−1 − 2 for k > 1 and u0 is called the seed of the sequence. In 1993, Bosma
[3] posed the problem whether there exists finitely many seeds depending only on h
of some Lucasian sequences for which the sequences can determine the primality of
h ⋅ 2n ± 1. In the same paper Bosma exhibited that a finite set of pairs (dk, αk) with
dk ∈ Z and αk ∈ Q(√dk) always exists, such that, for any n, one of the pairs determines
the primality of M = h ⋅ 2n ± 1 for h < 105, except h = 4m − 1 with m > 0.
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For h ≢ 0 (mod 3), we know that, from the result in [7](or see [3]), such a single seed
of the Lucasian sequence exists. For h ≢ 0 (mod 5), using biquadratic reciprocity, in [2],
P. Berrizbeitia and T. G. Berry have shown that there exists a Lucasian sequence with
a single seed independent of n to test the primality of numbers of the formM = h ⋅2n±1.
In particular, for h = 4m − 1 with m odd, this holds.
In this paper, we will prove that, for fixed h ≢ 0 (mod 17), there are some generalized
Lucasian sequences with fixed seeds independent of n which can determine the primality
for integers of the form M = h ⋅ 2n ± 1. In particular our paper further shows that the
fixed seeds exist for h = 16m − 1 with m odd. Octic and bioctic reciprocity are used to
deduce our result, and the key point is that we use two or four sequences rather than
a single sequence involved in the above mentioned works.
2 Octic and Bioctic reciprocity
What we state in this section can be found in [4, Chapter 14] and [1, Chapter 14].
Let ζm = e
2pi
√−1/m be the complex primitive m-th root of unity, and let D = Z[ζm]
be the ring of integers of the cyclotomic field Q(ζm). Let p be a prime ideal of D lying
over a rational prime p with gcd(p,m) = 1. For every α ∈ D, the m-th power residue
symbol (α
p
)
m
is defined by:
(1) If α ∈ p, then (α
p
)
m
= 0.
(2) If α ∉ p, then (α
p
)
m
= ζ im with i ∈ Z, where ζ
i
m is the unique m-th root of unity
in D such that
α(N(p)−1)/m ≡ ζ im (mod p),
where N(p) is the absolute norm of the ideal p.
(3) If a ⊂ D is an arbitrary ideal and a = ∏pnii is its factorization as a product of
prime ideals, then
(α
a
)
m
=∏( α
pi
)ni
m
.
We set ( α
D
)
m
= 1.
(4) If β ∈D and β is prime to m define (α
β
)
m
= ( α
βD
)
m
.
Letm = ln (≠ 2,4), where l is a prime and n is a positive integer. An element α ∈ D is
said to be primary if α is coprime withm and ǫc(α) = (−1)M , whereM = (N(αD)−1)/m,
c is some given integer, and ǫc(α) is a power of ζm whose explicit definition can be found
in [1, Chapter 14]. The following theorem can be found in [1, Chapter 14, Th.14.3.1,
p. 474].
Theorem 2.1. (Eisenstein’s Reciprocity Law) Let m = ln (≠ 2,4), where l is a prime
and n is a positive integer. Let a be a rational prime with gcd(a,m) = 1, and let α be
a primary integer of L = Q(ζm). Then
(i) (α
a
)
m
= ( a
α
)
m
, if l > 2,
(ii) (α
a
)
m
= ((−1)(a−1)/2a
α
)
m
, if l = 2.
Remark 2.2. (i) When m = 8, let α ∈ Z[ζ8] be coprime with 8, we have α is primary
if and only if α ≡ 1 or 1 + ζ8 + ζ38 (mod 2)(see [1, Th.14.2.1, p. 471]).
(ii) Let m = 2n with n > 3 and let α ∈ Z[ζm] be coprime with 2. There are exactly
two m-th roots of unity µ for which µα is primary(see [1, Th.14.6.2, p. 484]).
(iii) It is sufficient to apply Theorem 2.1 to cases m = 8 and m = 16 in this paper.
3 Explicit primality test
From now on we will deduce an explicit primality test for M = h ⋅ 2n ± 1 with n > 2 and
h ≢ 0 (mod 17). For any odd integer k we set k∗ = (−1)(k−1)/2k. This notation allows
us to treat h ⋅ 2n ± 1 simultaneously. And if M = h ⋅ 2n ± 1, then M∗ = (±h)2n + 1.
In this section let ζ8 = e
2pi
√−1/8 and ζ16 = e2pi
√−1/16, and let L1 = Q(ζ8) and L2 =
Q(ζ16) be the eighth and sixteenth cyclotomic fields respectively. Let D1 = Z[ζ8] and
D2 = Z[ζ16] be the corresponding cyclotomic rings. D1 and D2 are both Principal
Ideal Domains (PID) (see [8, Th.11.1]). Let G = Gal(Q(ζ16)/Q) be the Galois group of
Q(ζ16) over Q. For every odd integer c denote by σc the element of G that sends ζ16 to
ζc
16
. We also denote by σc the element of Gal(Q(ζ8)/Q) that sends ζ8 to ζc8. We know
that Gal(Q(ζ16)/Q) = {σ±i ∣ i = 1,3,5,7} and Gal(Q(ζ8)/Q) = {σ±i ∣ i = 1,3}. For τ in
Z[G] and α in L2 with α ≠ 0 we often denote by ατ to the action of the element τ of
Z[G] on the element α of L2, that is,
ατ ∶= ∏
σ∈G
σ(α)kσ , if τ = ∑
σ∈G
kσσ where kσ ∈ Z.
If τ ∈ G, we will either write ατ or τ(α). Since L1 is contained in L2, the element of G
can also act on elements of L1. We also write σ1 = 1 in Z[G].
Let K1 = Q(ζ8+ζ−18 ) = Q(√2) and K2 = Q(ζ16+ζ−116 ) be the maximal real subfield of
L1 and L2 respectively. We know that Gal(K1/Q) = {σi∣K1 ∣ i = 1,3} and Gal(K2/Q) ={σi∣K2 ∣ i = 1,3,5,7}. Let π1 ∈ D1 and π2 ∈ D2 be two elements such that π1, π2 ∉ R.
We denote two elements α1 = (π1/π¯1)1+3σ3 and α2 = (π2/π¯2)1+3σ−5+5σ−3+7σ7 , where a bar
indicates the complex conjugation. Next we define some sequences.
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(1) Sequences {Tk} and {Nk}: Set T0 = TraceK1/Q(αh1+α¯1h) andN0 =NormK1/Q(αh1+
α¯1
h). For k > 0 define Tk+1 and Nk+1 recursively by the formulas:
Tk+1 = T 2k − 2Nk − 4, (1)
Nk+1 = N2k − 2T 2k + 4Nk + 4. (2)
(2) Sequences {Xk}, {Yk}, {Zk} and {Wk}: Set X0 = TraceK2/Q(η), Y0 = ησ3(η) +
ησ5(η)+ησ7(η)+σ3(η)σ5(η)+σ3(η)σ7(η)+σ5(η)σ7(η), Z0 = ησ3(η)σ5(η)+ησ3(η)σ7(η)+
ησ5(η)σ7(η)+σ3(η)σ5(η)σ7(η) and W0 = NormK2/Q(η), where η = αh2 + α¯2h. For k > 0
define Xk+1, Yk+1, Zk+1 and Wk+1 recursively by the formulas:
Xk+1 =X2k − 2Yk − 8, (3)
Yk+1 = Y 2k − 2XkZk + 2Wk − 6X2k + 12Yk + 24, (4)
Zk+1 = Z2k − 2WkYk − 4Y 2k + 8XkZk − 8Wk + 12X2k − 24Yk − 32, (5)
Wk+1 =W 2k − 2Z2k + 4WkYk + 4Y 2K − 8XkZk + 8Wk − 8X2k + 16Yk + 16. (6)
Our explicit primality test is described as follows:
Theorem 3.1. Let M = h ⋅ 2n ± 1 with n > 7, 0 < h < 2n−6, h odd and h ≢ 0 (mod 17).
Let π1 = 1 + 2ζ38 and π2 = 1 − ζ16 + ζ516 in the above sequences {Tk} and {Nk}, and
sequences {Xk}, {Yk}, {Zk} and {Wk}. Let Qi(i = 1, . . . ,7) be seven integers satisfying
Qi ≡ ±5j2n−7 (mod 2n−3) with j = 0,1,2,3 and 1 < Qi < 2n−3. Suppose that M is not
divisible by all Qi for 1 6 i 6 7. Then M is prime if and only if one of the following
holds:
(i) M∗ ≡ ±4 (mod 17), and Tn−3 ≡ −Nn−3 ≡ −4 (mod M).
(ii) M∗ ≡ ±2,±8 (mod 17), and Tn−3 ≡ Nn−3 ≡ 0 (mod M) .
(iii) M∗ ≡ ±3,±5,±6,±7 (mod 17), and Tn−3 ≡ 0 (mod M) and Nn−3 ≡ −2 (mod M).
(iv) M∗ ≡ −1 (mod 17), and Xn−4 ≡ −8 (mod M), Yn−4 ≡ 24 (mod M), Zn−4 ≡ −32
(mod M) and Wn−4 ≡ 16 (mod M).
Before proving the theorem we first show some preliminary lemmas.
Lemma 3.2. Let M = h ⋅ 2n ± 1 with n > 3, and let π ∈ D1 with gcd(π,2M) = 1.
Set α = (π/π¯)1+3σ3 . Let {Tk} and {Nk} be the sequences defined in (1) and (2) with
T0 = TraceK1/Q(αh + α¯h) and N0 = NormK1/Q(αh + α¯h). Suppose M is prime, then we
have
(i) If ( pi
M
)
8
= −1, then Tn−3 ≡ −Nn−3 ≡ −4 (mod M).
(ii) If ( pi
M
)
8
= ±ζ2
8
, then Tn−3 ≡ Nn−3 ≡ 0 (mod M).
(iii) If ( pi
M
)
8
= ±ζ8,±ζ−18 , then Tn−3 ≡ 0 (mod M) and Nn−3 ≡ −2 (mod M).
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Proof Since M is a prime, when M = h ⋅ 2n + 1 ≡ 1 (mod 8), the ideal MD1 factors in
D1 as a product of 4 distinct prime ideals. We write MD1 = (pp¯)1+σ3 , thus
( pi
M
)
8
= ( pi(pp¯)1+σ3 )8 = ( pipp¯(pp¯)σ3 )8
= (pi/p¯i
p
)
8
( (pi/p¯i)3σ3
p
)
8
= (α
p
)
8
≡ α
M−1
8 ≡ αh⋅2
n−3 (mod p).
Since p is an arbitrary prime ideal lying over M , we have
( π
M
)
8
≡ αh⋅2
n−3 (mod M).
When M = h ⋅ 2n − 1 ≡ −1 (mod 8), the ideal MD1 factors in D1 as a product of 2
distinct prime ideals. Write MD1 = pp
σ3 , then
( pi
M
)
8
= ( pi
ppσ3
)
8
= (pi
p
)
8
( pi
pσ3
)
8
= (pi1+3σ3
p
)
8
≡ (π1+3σ3)M2−18
≡ α¯
M+1
8 ≡ α¯h⋅2
n−3 (mod p).
The last second congruence holds because of πM ≡ π¯ (mod p), it can be seen by
observing that the complex conjugation coincides with the Frobenius automorphism of
D1/p. As before we obtain
( π
M
)
8
≡ α¯h⋅2
n−3 (mod M).
Hence for M = h ⋅ 2n ± 1, we always have
αh2
n−3 + α¯h2n−3 ≡ ( π
M
)
8
+ ( π
M
)−1
8
(mod M). (7)
For k > 0 let Tk = TraceK1/Q(αh2k + α¯h2k) and Nk = NormK1/Q(αh2k + α¯h2k). We
claim that Tk and Nk satisfy the recurrent relations given by (1) and (2). To see this
we let Ak = α
h2k + α¯h2k and Bk = σ3(Ak). Thus Tk = Ak +Bk and Nk = AkBk.
By computation, we have Ak+1 = A2k − 2 and Bk+1 = B2k − 2. We substitute these in
Tk+1 and Nk+1, and obtain
Tk+1 = A2k +B2k − 4 = T 2k − 2Nk − 4,
Nk+1 = (A2k − 2)(B2k − 2) = N2k − 2(T 2k − 2Nk) + 4 = N2k − 2T 2k + 4Nk + 4.
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Since we have proved that Tk and Nk satisfy the recurrence relations given by (1) and
(2), (7) implies that
Tn−3 ≡ [( π
M
)
8
+ ( π
M
)−1
8
] + [( π
M
)3
8
+ ( π
M
)−3
8
] (mod M),
Nn−3 ≡ [( π
M
)
8
+ ( π
M
)−1
8
] ⋅ [( π
M
)3
8
+ ( π
M
)−3
8
] (mod M).
Hence we get if ( pi
M
)
8
= −1, then Tn−3 ≡ −4 (mod M) and Nn−3 ≡ 4 (mod M). If
( pi
M
)
8
= ±ζ2
8
, then Tn−3 ≡ 0 (mod M) and Nn−3 ≡ 0 (mod M). If ( piM )8 = ±ζ8,±ζ−18 ,
then Tn−3 ≡ 0 (mod M) and Nn−3 ≡ −2 (mod M). This completes the proof of the
three cases.
Lemma 3.3. Let M = h ⋅ 2n ± 1 with n > 4, and let π ∈ D2 with gcd(π,2M) = 1. Set
α = (π/π¯)1+3σ−5+5σ−3+7σ7 . Let {Xk}, {Yk}, {Zk} and {Wk} be the sequences defined
in (3), (4), (5) and (6) with X0 = TraceK2/Q(η), Y0 = ησ3(η) + ησ5(η) + ησ7(η) +
σ3(η)σ5(η)+σ3(η)σ7(η)+σ5(η)σ7(η), Z0 = ησ3(η)σ5(η)+ησ3(η)σ7(η)+ησ5(η)σ7(η)+
σ3(η)σ5(η)σ7(η) and W0 = NormK2/Q(η), where η = αh + α¯h. Suppose M is prime and( pi
M
)
16
= −1, then Xn−4 ≡ −8 (mod M), Yn−4 ≡ 24 (mod M), Zn−4 ≡ −32 (mod M) and
Wn−4 ≡ 16 (mod M).
Proof Since M is a prime, when M = h ⋅ 2n + 1 ≡ 1 (mod 16), the ideal MD2 factors in
D2 as a product of 8 distinct prime ideals. We write MD2 = (pp¯)1+σ3+σ5+σ7 , thus
( pi
M
)
16
= ( pi(pp¯)1+σ3+σ5+σ7 )16
= ( (pi/p¯i)1+3σ−5+5σ−3+7σ7
p
)
16
= (α
p
)
16
≡ α
M−1
16 ≡ αh⋅2
n−4 (mod p).
Since p is an arbitrary prime ideal lying over M , we have
( π
M
)
16
≡ αh⋅2
n−4 (mod M).
When M = h ⋅ 2n − 1 ≡ −1 (mod 16), the ideal MD2 factors in D2 as a product of 4
distinct prime ideals. We write MD2 = p
1+σ3+σ5+σ7 , hence
( pi
M
)
16
= (pi
p
)
16
( pi
pσ3
)
16
( pi
pσ5
)
16
( pi
pσ7
)
16
= (pi1+3σ−5+5σ−3+7σ7
p
)
16
≡ (π1+3σ−5+5σ−3+7σ7)(M2−1)/16
≡ α¯(M+1)/16 ≡ α¯h⋅2
n−4 (mod p).
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The last second congruence holds because of πM ≡ π¯ (mod p), it can be seen by the
same observation as in Lemma 3.2. And we obtain
( π
M
)
16
≡ α¯h⋅2
n−4 (mod M).
Hence for M = h ⋅ 2n ± 1, we always have
αh2
n−4 + α¯h2n−4 ≡ ( π
M
)
16
+ ( π
M
)−1
16
(mod M). (8)
For k > 0 letXk = TraceK2/Q(ηk), Yk = ηkσ3(ηk)+ηkσ5(ηk)+ηkσ7(ηk)+σ3(ηk)σ5(ηk)+
σ3(ηk)σ7(ηk)+σ5(ηk)σ7(ηk), Zk = ηkσ3(ηk)σ5(ηk)+ηkσ3(ηk)σ7(ηk)+ηkσ5(ηk)σ7(ηk)+
σ3(ηk)σ5(ηk)σ7(ηk) and Wk = NormK2/Q(ηk), where ηk = αh2k + α¯h2k ∈K2.
We claim that Xk, Yk, Zk and Wk satisfy the recurrent relations given by (3), (4),
(5) and (6). To see this we let Ak = ηk, Bk = σ3(ηk), Ck = σ5(ηk) and Dk = σ7(ηk).
So Xk = Ak +Bk + Ck +Dk, Yk = AkBk +AkCk + AkDk +BkCk + BkDk + CkDk, Zk =
AkBkCk +AkBkDk +AkCkDk +BkCkDk and Wk = AkBkCkDk.
By computation, we get Ak+1 = A2k−2, Bk+1 = B2k−2, Ck+1 = C2k−2 andDk+1 =D2k−2,
substituting these in Xk+1, Yk+1, Zk+1 and Wk+1, then
Xk+1 = A2k +B2k +C2k +D2k − 8
=X2k − 2Yk − 8,
Yk+1 = (AkBk)2 + (AkCk)2 + (AkDk)2 + (BkCk)2 + (BkDk)2 + (CkDk)2
−6(A2k +B2k +C2k +D2k) + 24
= Y 2k − 2(XkZk −Wk) − 6(X2k − 2Yk) + 24,
Zk+1 = (AkBkCk)2 + (AkBkDk)2 + (AkCkDk)2 + (BkCkDk)2
−4[(AkBk)2 + (AkCk)2 + (AkDk)2 + (BkCk)2 + (BkDk)2 + (CkDk)2]
+12(A2k +B2k +C2k +D2k) − 32
= Z2k − 2WkYk − 4Y 2k + 8(XkZk −Wk) + 12X2k − 24Yk − 32,
Wk+1 = (A2k − 2)(B2k − 2)(C2k − 2)(D2k − 2)
=W 2k − 2Z2k + 4WkYk + 4Y 2k − 8(XkZk −Wk) − 8X2k + 16Yk + 16.
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After taking ( pi
M
)
16
= −1 in (8) we have
αh2
n−4 + α¯h2n−4 ≡ −2 (mod M). (9)
Since we have proved that Xk, Yk, Zk and Wk satisfy the recurrent relations given by
(3), (4), (5) and (6). Now substituting (9) in Xn−4, Yn−4, Zn−4 and Wn−4, we get
Xn−4 ≡ −2 ⋅ 4 ≡ −8 (mod M), Yn−4 ≡ 4 ⋅ 6 ≡ 24 (mod M),
Zn−4 ≡ −8 ⋅ 4 ≡ −32 (mod M), Wn−4 ≡ (−2)4 ≡ 16 (mod M).
Lemma 3.4. Let the number fields L1 and K1 be as before, let q be an odd rational
prime and let π ∈ D1 be prime to q. Set α = π/π¯. Let {Tk} and {Nk} be the sequences
defined in (1) and (2) with T0 = TraceK1/Q(α+α¯) and N0 = NormK1/Q(α+α¯). Suppose
that for some j > 0, one of the following statements holds:
(i) Tj ≡ −Nj ≡ −4 (mod q),
(ii) Tj ≡ Nj ≡ 0 (mod q),
(iii) Tj ≡ 0 (mod q) and Nj ≡ −2 (mod q).
Then q2 ≡ 1 (mod 2j+1).
Proof By Lemma 3.2, we have Tj = TraceK1/Q(α2j + α¯2j ) and Nj = NormK1/Q(α2j +
α¯2
j ). Let q be a prime ideal in the ring of integers of K1 lying over q, and Q be a prime
ideal of D1 lying over q. Let β = α
2
j + α¯2j , then we have
(i) Tj ≡ −Nj ≡ −4 (mod q) means TraceK1/Q(β) ≡ −4 ≡ −NormK1/Q(β) (mod q),
which implies β2 + 4β + 4 ≡ 0 (mod q), i.e., α2j + α¯2j ≡ −2 (mod Q). Multiplying both
sides of the congruence by α2
j
= α¯−2
j
gives
α2
j
≡ −1 (mod Q).
It implies that the image of α has order 2j+1 in the multiplicative group (D1/Q)∗. This
group has order N(Q) − 1 which divides q2 − 1, i.e., q2 ≡ 1 (mod 2j+1).
(ii) Tj ≡ Nj ≡ 0 (mod q) means TraceK1/Q(β) ≡ 0 ≡ NormK1/Q(β) (mod q), which
implies β2 ≡ 0 (mod q), i.e., α2j + α¯2j ≡ 0 (mod Q). Also multiplying both sides of the
congruence by α2
j
= α¯−2
j
gives
α2
j+1
≡ −1 (mod Q).
It implies that the image of α has order 2j+2 in (D1/Q)∗. Hence 2j+2 must divides
q2 − 1, i.e., q2 ≡ 1 (mod 2j+2).
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(iii) Tj ≡ 0 (mod q) and Nj ≡ −2 (mod q) imply TraceK1/Q(β) ≡ 0 (mod q) and
NormK1/Q(β) ≡ −2 (mod q), which deduce β2 − 2 ≡ 0 (mod q), i.e., α2j+1 + α¯2j+1 ≡ 0(mod Q). Also we obtain
α2
j+2
≡ −1 (mod Q).
That is the image of α has order 2j+3 in group (D1/Q)∗. And we reach q2 ≡ 1
(mod 2j+3). This completes the proof.
Lemma 3.5. Let the number fields L2 and K2 be as before, let q be an odd rational
prime and let π ∈ D2 be prime to q. Set α = π/π¯. Let {Xk}, {Yk}, {Zk} and {Wk} be
the sequences defined in (3), (4), (5) and (6) with X0 = TraceK2/Q(η), Y0 = ησ3(η) +
ησ5(η)+ησ7(η)+σ3(η)σ5(η)+σ3(η)σ7(η)+σ5(η)σ7(η), Z0 = ησ3(η)σ5(η)+ησ3(η)σ7(η)+
ησ5(η)σ7(η)+σ3(η)σ5(η)σ7(η) and W0 = NormK2/Q(η), where η = α+ α¯. Suppose that
for some j > 0, Xj ≡ −8 (mod q), Yj ≡ 24 (mod q), Zj ≡ −32 (mod q), and Wj ≡ 16
(mod q). Then q4 ≡ 1 (mod 2j+1).
Proof By Lemma 3.3, we have Xj = TraceK2/Q(β), Yj = βσ3(β) + βσ5(β) + βσ7(β) +
σ3(β)σ5(β)+σ3(β)σ7(β)+σ5(β)σ7(β), Zj = βσ3(β)σ5(β)+βσ3(β)σ7(β)+βσ5(β)σ7(β)+
σ3(β)σ5(β)σ7(β) and Wj = NormK2/Q(β), where β = α2j + α¯2j ∈K2. Let q be a prime
ideal in the ring of integers of K2 lying over q, and Q be a prime ideal of D2 lying over
q.
By the assumption we get TraceK2/Q(β) ≡ −8 (mod q), βσ3(β)+βσ5(β)+βσ7(β)+
σ3(β)σ5(β) + σ3(β)σ7(β) + σ5(β)σ7(β) ≡ 24 (mod q), βσ3(β)σ5(β) + βσ3(β)σ7(β) +
βσ5(β)σ7(β)+σ3(β)σ5(β)σ7(β) ≡ −32 (mod q) andNormK2/Q(β) ≡ 16 (mod q), which
implies (β + 2)4 = β4 + 8β3 + 24β2 + 32β + 16 ≡ 0 (mod q), i.e., α2j + α¯2j ≡ −2 (mod Q).
Multiplying both sides of the congruence by α2
j
= α¯−2
j
gives
α2
j
≡ −1 (mod Q).
It implies that the image of α has order 2j+1 in the multiplicative group (D2/Q)∗. The
order of this group is N(Q) − 1 which divides q4 − 1, i.e., q4 ≡ 1 (mod 2j+1).
Remark 3.6. To prove the main theorem, we work in L1 = Q(ζ8) and L2 = Q(ζ16).
When π1 = 1+2ζ38 and π2 = 1−ζ16+ζ516, note that NormL1/Q(π1) =NormL2/Q(π2) = 17.
By Remark 2.2, π1 ≡ 1 (mod 2) implies that π1 is a primary prime in D1. Since
2 − ζ8 = −π1 ⋅ ζ8, then 2 ≡ ζ8 (mod π1). The verification of a primary element is quite
troublesome. Actually for π2 we do not need to know whether it is primary or not. We
can see this from the process of the next proof. The choice of π2 is enough for our
explicit primality test.
Proof (of Theorem 3.1) We first show that the congruences of the sequences are neces-
sary for primality ofM . Suppose then thatM is a prime. Since n > 7, we haveM ≠ 17,
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so the hypotheses allow M∗ ≡ −1,±2,±3,±4,±5,±6,±7,±8 (mod 17), hence mod π1 and
mod π2.
By Remark 2.2, there is a 16-th root of unity µ such that µπ2 is a primary element
in D2. Let π = µπ2. Since π1 and π are primary primes in D1 and D2 respectively, we
can apply Theorem 2.1(Eisenstein’s Reciprocity Law) to obtain
(π1
M
)
8
= (M∗
π1
)
8
and ( π
M
)
16
= (M∗
π
)
16
.
Note N(π1D1) = N(πD2) = 17, now we compute as follows:
(i) SupposeM∗ ≡ ±4 (mod 17), then (M∗
pi1
)
8
≡ (M∗)(17−1)/8 ≡ (M∗)2 ≡ −1 (mod π1).
And (pi1
M
)
8
= (M∗
pi1
)
8
= −1, applying Lemma 3.2(i) we get Tn−3 ≡ −4 ≡ −Nn−3 (mod M).
(ii) Suppose M∗ ≡ ±2,±8 (mod 17), then (M∗
pi1
)
8
≡ (M∗)2 ≡ ±4 ≡ ±ζ2
8
(mod π1).
And (pi1
M
)
8
= (M∗
pi1
)
8
= ±ζ2
8
, hence by Lemma 3.2(ii) we get Tn−3 ≡ 0 ≡ Nn−3 (mod M).
(iii) SupposeM∗ ≡ ±3,±5,±6,±7 (mod 17), then (M∗
pi1
)
8
≡ (M∗)2 ≡ ±2,±8 ≡ ±ζ8,±ζ−18
(mod π1). Thus (pi1M )8 = (M∗pi1 )8 = ±ζ8,±ζ−18 , also by Lemma 3.2(iii) we obtain Tn−3 ≡ 0(mod M) and Nn−3 ≡ −2 (mod M).
(iv) SupposeM∗ ≡ −1 (mod 17), then (M∗
pi
)
16
≡ (M∗)(17−1)/16 ≡M∗ ≡ −1 (mod π).
So ( pi
M
)
16
= (M∗
pi
)
16
= −1. By the proof of Lemma 3.3, we have
αh2
n−4 + α¯h2n−4 ≡ ( π
M
)
16
+ ( π
M
)−1
16
= −2 (mod M),
where α = (pi
p¯i
)1+3σ−5+5σ−3+7σ7 .
Let α2 = (pi2pi2 )1+3σ−5+5σ−3+7σ7 , by computation,
αh2
n−4
= (pi
p¯i
)2n−4h(1+3σ−5+5σ−3+7σ7)
= (µ
µ¯
)2n−4h(1+3σ−5+5σ−3+7σ7) (pi2
pi2
)2n−4h(1+3σ−5+5σ−3+7σ7)
= µ2
n−3h(1+3σ−5+5σ−3+7σ7)αh2
n−4
2
= αh2
n−4
2
.
The last second equality holds because µ is a 16-th root of unity and µ¯ = µ−1. The
last equality holds because of n > 7 and µ2
n−3
= 1. Hence we have
αh2
n−4
2 + α¯2h2
n−4
≡ −2 (mod M).
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And again by the proof of Lemma 3.3, we obtain Xn−4 ≡ −8 (mod M), Yn−4 ≡ 24
(mod M), Zn−4 ≡ −32 (mod M) and Wn−4 ≡ 16 (mod M). This completes the proof
of necessity.
We now turn to the proof of sufficiency. Let q be an arbitrary prime divisor of
M . In the first three cases, the hypotheses imply q prime to 17. Then take α =
(π1/π¯1)h(1+3σ3) in Lemma 3.4, we get q2 ≡ 1 (mod 2n−2). In the last case, let α =
(π2/π¯2)h(1+3σ−5+5σ−3+7σ7) in Lemma 3.5, we obtain q4 ≡ 1 (mod 2n−3). Among all cases
we always have q4 ≡ 1 (mod 2n−3). By the assumption M is not divisible by all Qi for
1 6 i 6 7, which are all solutions of equation x4 ≡ 1 (mod 2n−3) between 1 and 2n−3.
Then q > 2n−3 + 1 and q2 > 22n−6 + 2n−2 + 1 = 2n(2n−6 + 1
4
) + 1 > h ⋅ 2n + 1 > M . Thus
q >
√
M for arbitrary prime divisor q of M , that is to say M is prime. This completes
the proof of sufficiency.
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